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Solve one between Ezercises 1 and Ezercise 2, and solve obligatorily Ezercise 3.

Exercise 1. Let 2 be an open bounded subset of R?. Consider the problem:

inf / (3100, w(z1, 22) > 4 |0, u (21, 22) |* + Oy w1, T2) - Opyu(w1, 32) +
uEHG(Q) Jo

+ ((dzg + D) u (1, 20) — zl)2> dxq dxs.

(1) Prove that the problem admits a unique solution.

(2) Formulate the problem in the form .7 (u) = F(u) + G o A(u), where F : X —] — 00, +o0],
G:Y =] —00,4], and A : X — Y, carefully precising the functional spaces X,Y and
discuting the regularity of F, G, A.

(3) Write the dual problem and the extremality relations. Establish if the dual problem admits
an unique solution.

(4) Using the previous results, write down a partial differential equation satisfied by the
minimum.

Exercise 2. Let Q be an open bounded subset of R, ¢ € H'(Q; R?) be fixed. Set:
¢ = {v e Hy(%LR) : |Vv — Vgl 2qra) < 1}
Consider the problem problema
2
it [ [l g,
ue? Jo 2

(1) Prove that the problem admits a unique solution.

(2) Formulate the problem in the whole space in the form % (u) = F(u) + G o A(u), where
F: X —]—00,4], G: Y =] —00,+00], and A : X — Y, carefully precising the functional
spaces X,Y and discuting the regularity of F, G, A.

(3) Write the dual problem and the extremality relations. Establish if the dual problem admits
an unique solution.

Exercise 3.
(1) Let f; : R — R be continuous functions, i = 1,..., N. Define F': R = R by setting

F(z) = [min{fi(x): i=1,..., N}, max{fi(x) : i:l,...,N}]

Establish if F' is a continuous set-valued map by exhibiting a proof in the affirmative case
or a counterexample in the negative case.

(2) Let p : R — R be a function satisfying p(z + y) < p(z) + p(y) and p(Az) = Ap(x) for
every x € R% and X > 0. Prove that there exists a closed convex set C' C R such that
p(z) = oc(z).

(3) Prove that the distance function from a closed convex subset of a normed space is a convex
function.

(4) Given A = {(z,y) € R?: |z +y| < 2 and |z — y| < 2} compute its polar A°.

(5) Define f: R? — R by setting f(z,y) = eV**t¥*. Compute its convex conjugate f*.



