
Il sistema dei tipi in ML

cenni



Inferenza tipi ML

- val f = fn x => x+1;
val f = fn : int -> int
- f 2;
val it = 3 : int
- 

- fun f(x) = x+1; 
val f = fn : int -> int
- f 2;
val it = 3 : int
- 



- val g = fn (x,y) => x+y;
val g = fn : int * int -> int

- fn (x,y) => x+y;
val it = fn : int * int -> int

- fn (x,y) => x+y+3.5;
val it = fn : real * real -> real

val g = M;meccanismo per dare
un nome a termini

val f = fn x=> x+1;
fun f(x)= x+1;

fun f x1 x2 ... xn = M;

val f = fn x1=> (fn x2 => (... =>(fn xn => M)...))



M(N)

parametro
formale

corpo della funzione funzione argomento

i termini di un mini ML sono

fn x  ⇒  M   

+,-,...,
0,1,...

termini buit-in

x

variabile



indichiamo con M:t il fatto che M ha tipo t

⊕: int → (int → int), 0:int, 1:int ...
assumendo che x:u abbiamo che x:u
se M: t → u e N:t allora M(N):u
se M:u nellʼassunzione che x:t  allora 
(cancellando lʼassunzione x:t)
fn x ⇒ M: t → u

I tipi:
t::= int| t1→t2



x:u

_____________________
⊕: int → (int → int)

_______
0:int

______
1:int

   M: t → u    N:t   .  
M(N):u  

            M:u              .

fn x ⇒ M: t → u

[x:t]

…

Tipi/Logica/Deduzione naturale



Assunzioni/Contesto/Ambiente

______________
Γ,x:u     x:u

⊥

_______________________
Γ      ⊕: int → (int → int)

⊥

__________
Γ      0:int

⊥ __________
Γ      1:int

⊥
            Γ,x:t     M:u              .

Γ      fn x ⇒ M: t → u

⊥

⊥

   Γ      M: t → u    Γ     N:t   .  
Γ      M(N):u  

⊥

⊥⊥

Γ  è un insieme x1:t1,..,xn:tn

__________
Γ      n:int

⊥... ...



val f = fn x=> (⊕ x) 1;
val f = fn : int -> int

x:int      ⊕: int → (int → int)

⊥

x:int      x: int

⊥
x:int     1: int

⊥

x:int      ⊕ x: int → int

⊥

x:int      (⊕ x)1: int

⊥

⊥

fn x=> (⊕ x) 1: int -> int



val id = fn x=> x;
val id = fn : ??? quale è il tipo di id?

per ogni tipo t abbiamo la seguente 
derivazione corretta di tipo

x:t      x:t

⊥

      fn x =>x : t → t

⊥

l'idea è che id abbia tipo ∀α. α → α 
('a->'a nella sintassi ML)

dove α è una variabile di tipo e ∀ è un quantificatore 
del secondo ordine (quantifica  rispetto alla classe dei 
tipi)



occorre quindi arricchire i 
tipi con:
1.variabili di tipo (α,β,...)
2.quantificazioni di tipo

la trattazione tecnica rigorosa esula 
dagli scopi di questo corso :-(

diamo un cenno al sistema di tipi 



I tipi
t::= int| α | t1→t2

Schemi di tipo
σ::= t | ∀α. σ    

sostituzione σ'=σ[t/α]

Un termine chiuso M è tipabile se 
è possibile derivare per M uno schema di tipo chiuso 

(senza variabili di tipo libere) 
ovvero o un tipo t senza variabili di tipo oppure uno 

schema ∀α1...αn.t dove α1...αn sono tutte e sole le variabili 
di tipo in t)

α è una variabile di tipo



Assunzioni/Contesto/Ambiente

______________
Γ,x:u     x:u

⊥

_______________________
Γ      ⊕: int → (int → int)

⊥

Γ  è un insieme x1:t1,..,xn:tn

... ...

⊥

        Γ,x:t     M:u          .

Γ      fn x ⇒ M: t → u⊥

⊥

__________
Γ      n:int⊥__________

Γ      1:int⊥__________
Γ      0:int⊥

   Γ      M: t → u    Γ     N:t   .  
Γ      M(N):u  

⊥⊥

⊥

         Γ     M:  σ          .
Γ    M: ∀α. σ
α non deve 
occorrere in Γ 

⊥
⊥

         Γ     M: ∀α. σ          .
Γ    M: σ[t/α]

⊥
⊥



______________
Γ,x:σ     x:σ

⊥

Γ  è un insieme x1:σ1,..,xn:σn
⊥

Il caso delle dichiarazioni locali

        Γ      M: σ    Γ,z:σ     N:t       .  
Γ      let val z=M in N end:t  

⊥⊥

⊥

         Γ     M:  σ          .
Γ    M: ∀α. σ

α non deve  occorrere libera in Γ 

⊥
⊥

         Γ     M: ∀α. σ          .
Γ    M: σ[t/α]

⊥
⊥

_______________________
Γ      ⊕: int → (int → int)

⊥        Γ,x:t     M:u          .

Γ      fn x ⇒ M: t → u⊥

⊥

__________
Γ      1:int

⊥__________
Γ      0:int⊥

   Γ      M: t → u    Γ     N:t   .  
Γ      M(N):u  

⊥⊥

⊥

__________
Γ      n:int⊥

(t,u ➪ tipi, σ ➪schema di tipo)



x:α      x:α

⊥

      fn x =>x : α → α

⊥

      fn x =>x : ∀α. α → α

⊥

val id = fn x=> x;
val id = fn : ∀α. α → α

⊥

id : ∀α. α → α

⊥

id : (int → int) → (int → int) f: int → int

⊥

⊥

id f : int → int

⊥
id : ∀α. α → α

⊥

id : int → int

⊥

2 : int

val f = fn x=> (⊕ x) 1;
val f = fn : int -> int

⊥

id 2 : int 

⊥
(id f)(id 2) : int

id è una funzione polimorfa



16 2 ML POLYMORPHISM

in the particular names of -bound type variables (since we may have to change them to
avoid variable capture during substitution of types for free type variables). Therefore we
will identify type schemes up to alpha-conversion of -bound type variables. For example,

and determine the same alpha-equivalence class and will be
used interchangeably. Of course the finite set

of free type variables of a type scheme is well-defined up to alpha-conversion of bound type
variables.
Just as in (ii) we identifiedML types with trivial type schemes , so we will sometimes
write

for the finite set of type variables occurring in (of course all such occurrences are free,
because ML types do not involve binding operations).

(iv) ML type schemes are not ML types! So for example, is neither a well-formed
ML type nor a well-formed ML type scheme.1 Rather, ML type schemes are families of
types, parameterised by type variables. We get types from type schemes by substituting
types for type variables, as we explain next.

Slide 16 gives some terminology and notation to do with substituting types for the bound
type variables of a type scheme. The notion of a type scheme generalising a type will feature
in the way variables are assigned types in the ML type system of the next subsection.

The ‘generalises’ relation

We say a type scheme generalises a
type , and write if can be obtained from the type
by simultaneously substituting some types for the type
variables ( ):

(N.B. The relation is unaffected by the particular choice of names of
bound type variables in .)

The converse relation is called specialisation: a type is a
specialisation of a type scheme if .

Slide 16

1The step of making type schemes first class types will be taken in Section 5.

2.3 The ML type system 21

type variables in to be disjoint from in order to satisfy the first side-condition
on rule ( ). This side condition is analogous to the usual side condition of the rule for
introducing -quantification in the predicate calculus:

provided is not a free variable of

Indeed bearing in mind that ML typing judgements formalise predicate calculus formulas of
the form (4), rule ( ) corresponds to the following piece of deduction in predicate calculus
that combines -introduction with the cut rule:

which is valid provided is not free in .

Typeable closed expressions

We write to indicate that
is closed expression (i.e. has no free variables)

is a closed type scheme (i.e. is of the form with all the
type variables occurring in the type contained in the set )

assuming , the typing judgement is
derivable from the axioms and rules on Slides 18–20.

In this case we say the closed expression is typeable in ML
with type scheme . (When (so must have no type
variables), we just write .)

Slide 21

We verify that the example of polymorphism of -bound variables given on Slide 13
has the type claimed there.

Example 2.3.2. Using the notation introduced on Slide 21, we have:

3.2 Principal type schemes 27

Slide 24. This makes use of the natural extension of the ‘generalises’ relation, (Slide 16),
to a binary relation between (closed) type schemes. Exercise 3.4.1 gives an alternative
characterisation of this relation.

It is worth pointing out that in the presence of (a), the converse of condition (b) on
Slide 24 holds: if and , then . This is a consequence of the
substitution property of valid ML typing judgements given on Slide 31 below.

Slide 25 gives the main result about the ML typeability problem. It was first proved for
a simple type system without polymorphic -expressions by Hindley (1969) and extended
to the full system by Damas and Milner (1982).

Principal type schemes

A closed type scheme is the principal type scheme of a closed
ML expression if

(a)

(b) for all closed , if then

where by definition holds if
generalises in the sense of Slide 16. (We are assuming the
type schemes are closed, so in particular all the type variables of
are in .)

Slide 24

Remark 3.2.1 (Complexity of the type checking algorithm). Although typeability is
decidable, it is known to be exponential-time complete. Furthermore, the principal type
scheme of an expression can be exponentially larger than the expression itself, even if the type
involved is represented efficiently as a directed acyclic graph. More precisely, the time taken
to decide typeability and the space needed to display the principal type are both exponential in
the number of nested ’s in the expression. For example the expression on Slide 26 (taken
fromMairson 1990) has a principal type scheme which would take hundreds of pages to print
out. It seems that such pathology does not arise naturally, and that the type checking phase
of an ML compiler is not a bottle neck in practice. For more details about the complexity of
ML type inference see (Mitchell 1996, Section 11.3.5).



fn x =>x : ∀α. α → α

⊥

(fn x =>x)(fn x =>x) : ∀α. α → α

⊥

let val f = fn x => x in f(f) end: ∀α. α → α

⊥

fn x =>x(x): NON è TIPABILE

esercizi


